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Mathematics Learned by Young Children validation and refinement of such developmental progressions is a critical component of such research-and-development work. In this study, we evaluated and elaborated the developmental progression of a hypothesized learning trajectory for the early learning of length measurement.
Learning Trajectories and Their Developmental Progressions
There are three components of a LT: "the learning goal, the learning activities, and the thinking and learning in which students might engage" (Simon, 1995, p. 133) . Although Simon initially emphasized the individual teacher's construction of a LT for a particular teaching episode, other researchers (Baroody, 2004; Battista, 2004; Clements, Wilson, & Sarama, 2004) subsequently emphasized the importance of general LTs that may provide a foundation for common, systematic teaching practice (Raudenbush, 2009 ) and curriculum design (Clements, 2007) .
Such shared LTs should be based on a generalizable model of learning. Existing models have had diverse sources, including historical developments of mathematics, thought experiments, the practices of "successful" teachers, and wideranging theoretical positions (Clements, 2008) . Clements and Sarama (2004b) argued that generalizable models should be based, whenever possible, on empirical research. They defined LTs as having research-based developmental progressions at their core:
We conceptualize learning trajectories as descriptions of children's thinking and learning in a specific mathematical domain and a related, conjectured route through a set of instructional tasks designed to engender those mental processes or actions hypothesized to move children through a developmental progression of levels of thinking, created with the intent of supporting children's achievement of specific goals in that mathematical domain. (p. 83) In the theory of hierarchical interactionalism (Clements & Sarama, 2007a , 2009 , of which such learning trajectories are a core component, levels of thinking are coherent and characterized by increased sophistication, complexity, abstraction, and generality. However, the learning process is viewed not as intermittent and tumultuous but as more incremental, with knowledge becoming integrated slowly. In this way, various models and types of thinking grow in tandem to a degree, but a critical mass of ideas from each level must be constructed before the thinking characteristic of the subsequent level becomes ascendant in the child's thinking and behavior ). These ideas can be characterized by specific mental objects (e.g., concepts) and actions (processes; Steffe & Cobb, 1988) . These actions-on-objects are children's main way of operating in the domain. Different developmental courses are possible within those constraints, depending on individual, environmental, and social confluences (Clements, Battista, & Sarama, 2001; Confrey & Kazak, 2006) . The differences within and across individuals create variation that is the wellspring of invention and development. At a group level, however, these variations are not so wide as to vitiate the theoretical or practical usefulness of the tenet of developmental progressions; for example, in a class of 30, there may be only a handful of different solution strategies (Murata & Fuson, 2006 ), many of which represent different levels along the developmental progression (for a complete explication, see ).
Information about the developmental progressions of LTs is not only helpful in understanding how children advance but also provides guidance for teachers in choosing appropriate activities to help children move along the progressions . Similarly, LTs can serve as the foundation of research-based curriculum development (Clements, 2007 , see also Bredekamp, 2004; Clements, Sarama, et al., 2002 ; National Association for the Education of Young Children & National Council of Teachers of Mathematics, 2002) . The current study evaluated a developmental progression for length measurement, previously crafted as a foundation for standards, assessments, and curricula, such as the Building Blocks mathematics curriculum (Clements & Sarama, 2004a , 2007c , 2009 Sarama & Clements, 2003 , 2009 .
Length Measurement
Length is a comparative property of objects that embodies the amount of onedimensional space between endpoints of the objects, which can be compared or quantified (measured). Piaget, Inhelder, and Szeminska (1960) defined the concept of length measurement as the synthesis of subdivision and change of position, which involves taking one part out of the whole and iterating that unit along the whole. Although useful in analyzing higher level strategies of length measurement, this definition fails to acknowledge the richness of understandings that young children possess. To analyze strategies at different levels, researchers have posited various ideas and competencies as necessary for a partial or full understanding of length measurement. These include awareness of the attribute, equal units, unitattribute relations, partitioning, unit iteration, origin (zero point), transitivity, conservation, accumulation of distance, proportionality, and the relation between number/arithmetic and measurement (Clements & Stephan, 2004; Lehrer, 2003; Piaget et al., 1960; Stephan & Clements, 2003) . Piaget et al. (1960) and Piaget and Szeminska (1952) inspired considerable research on such reasoning abilities as transitivity and conservation of length (Bearison, 1969; Braine, 1959; Kidder & Lamb, 1981; Miller & Baillargeon, 1990; Sawada & Nelson, 1967; Schiff, 1983) , and the relationship between those reasoning abilities and specific measurement concepts (Boulton-Lewis, 1987; Hiebert, 1981; Petitto, 1990) . Other studies examined developmental sequences for length measurement competencies of various types (Boulton-Lewis, Wilss, & Mutch, 1996; Clements, 1999b; Kamii & Clark, 1997) .
These research corpi, along with research on instructional sequences (Clarke, Cheeseman, McDonough, & Clark, 2003; McClain, Cobb, Gravemeijer, & Estes, 1999; Nunes, Light, & Mason, 1993; Outhred, Mitchelmore, McPhail, & Gould, 2003; Stephan, Cobb, Gravemeijer, & Estes, 2001) , were reviewed and synthesized to create a LT for length measurement for the Building Blocks project, as depicted 584
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Developmental progression
Actions on objects
Representative task
Length Quantity Recognizer
Identifies length/distance as an attribute. May understand length as an absolute descriptor (e.g., all adults are tall), but not as a comparative (e.g., one person is taller than another). "I'm tall, see?" May compare noncorresponding parts of a shape in determining side length.
Action schemes are connected to length vocabulary. In some situations, such vocabulary is connected to categories of linear extent, such as "tall/long" or "short." In others, action schemes are used to compare lengths-one object is longer if a scan lasts perceptibly longer than the scan of another object. Thus, intuitive comparisons are made on direct perceptual, normative (one object can be a class standard stored in memory, such as a doll's length), or functional (if guided/prompted; e.g., "Is this block long enough?") bases. However, in some situations salient differences at one end of the objects are substituted for a scan (potentially leading to inaccuracies if the other endpoints are not aligned). Also, irrelevant details such as the shape of objects can affect these categorizations and comparisons.
Length Puzzle
Give the child a rectangular foam sheet that has one rectangular opening in the middle, and a foam strip that is exactly as wide as the opening, but has a shorter length than that of the opening. Ask the child to put the strip in the opening to solve the puzzle, and ask whether the strip fits well in the opening. Children at this level will indicate that the strip does not fit well, referring to length in some way in their explanations.
Length Direct Comparer
Physically aligns two objects to determine which is longer or whether they are the same length. Stands two sticks up next to each other on a table and says, "This one's bigger."
The scheme addresses length as the distance between the endpoints of a path. Shape of the objects and path can affect the application of the scheme. With perceptual support, objects can be mentally and then physically slid and rotated into alignment and their endpoints compared.
Two Pencils
Show the child two colored pencils, the shorter one horizontal, and the longer one vertical, in a -│ shape. Ask the child to show which of the pencils is longer. Children at this level will compare the length of the two pencils by aligning their endpoints.
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Actions on objects
Representative task
Indirect Length Comparer
Compares the length of two objects by representing them with a third object.
Compares length of two objects with a piece of string. When asked to measure, may assign a length by guessing or moving along a length while counting (without equal length units).
Moves finger along a line segment, saying 10, 20, 30, 31, 32. May be able to measure with a ruler, but often lacks understanding or skill (e.g., ignores starting point) Measures two objects with a ruler to check whether they are the same length, but does not accurately set the "zero point" for one of the items.
A mental image of a particular length can be built, maintained, and (to a simple degree) manipulated. With the immediate perceptual support of some of the objects, such images can be compared. For some, explicit transitive reasoning may be applied to the images or their symbolic representations (i.e., object names).
If asked to measure, a counting scheme operates on an intuitive unit of spatial extent or amount of movement, directing physical movements (or, less frequently, eye movements) along a length while counting (resulting in a trace-and-count or point-andcount strategy). The sensory-concrete mental actions require the perceptual support of the object to be measured.
Picture of Two Pencils
Give the child a picture of two pencils, as well as a foam strip that is longer than each of the pencils.
Ask which of the pencils is longer. Children at this level will use the strip well to compare the length of the two unmovable pencils, as well as explain their strategy.
Figure 1 (continued) Figure 1 . The developmental progression and mental actions-on-objects for the learning trajectory for length measurement (Clements & Sarama, 2004a , 2007c , 2009 Sarama & Clements, 2003 , 2009 Given towers of cubes, puts in order, 1 to 6.
Scheme is organized in a hierarchy, with the higher order concept a (possibly implicit) image of an ordered series. Ability to estimate relative lengths (driving a trial-and-error approach) is eventually complemented by a scheme that considers each object in such a series to be longer than the one before it and shorter than the one after it (resulting in a more efficient strategy).
Order Towers
Give the child six premade connecting cube towers of different lengths. Ask the child to put them in order from shortest to longest. Children at this level will use a meaningful strategy to correctly align the towers.
End-to-end Length Measurer
Lays units end to end. May not recognize the need for equal-length units. gaps between "units"), the scheme is enhanced by the growing conception of length measuring as covering distance (or composing a length with parts) with further application of these constraints.
Blue Strips
Give the child a 2-, a 4-, and a 7-inch-long blue foam strip, and 10 yellow strips that are each 1 inch long. Ask which of the three strips is the same length as four of the yellow strips. Children at this level will correctly use the units to decide which of the longer strips is 4 yellow strips long.
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Actions on objects
Representative task
Length Unit Repeater
Measures by repeated use of a unit (but initially may not be precise in such iterations).
Action schemes include the ability to iterate a mental unit along a perceptually available object. The image of each placement can be maintained while the physical unit is moved to the next iterative position (initially with weaker constraints on this placement).
Spaghetti
Give the child a picture of spaghetti and one foam strip. Ask the child how long the spaghetti is when measured with the strip, which is 1 inch long. Children at this level will correctly iterate the unit to get the measure; some imprecision may occur due to use of finger.
Length Unit Relater
Relates size and number of units explicitly (but may not appreciate the need for identical units in every situation). "If you measure with centimeters instead of inches, you'll need more of them, because each one is smaller." Recognizes that different units will result in different measures and that identical units should be used, at least intuitively and/or in some situations. Uses rulers with minimal guidance. Measures a book's length accurately with a ruler.
With the support of a perceptual context, scheme can predict that fewer larger units will be required to measure an object's length.
Different Feet
Introduce two friends, who have visibly different-size feet. Tell the child that when one of the friends measured the rug with his feet, he found that the rug was 4 feet long, and when the other friend measured, the rug was 9 feet long. Ask the child how it was possible that their results were different when they measured the same rug. Children at this level will correctly point out the difference in the size of feet, and explain the result of measuring with different units. The length scheme has additional hierarchical components, including the ability to simultaneously imagine and conceive of an object's length as a total extent and a composition of units. This scheme adds constraints on the use of equal-length units and, with rulers, on use of a zero point. Units themselves can be partitioned, allowing the accurate use of units and subordinate units.
Broken Ruler
Show the child a ruler that is broken before the 2-inch mark, and a 5-inch-long foam strip. Ask the child to use the broken ruler to measure the foam strip. Children at this level will use and explain a correct strategy to get the correct measure.
Conceptual Ruler Measurer
Possesses an "internal" measurement tool.
Mentally moves along an object, segmenting it, and counting the segments. Operates arithmetically on measures ("connected lengths").
Estimates with accuracy.
"I imagine one meter stick after another along the edge of the room. That's how I estimated the room's length is 9 meters."
Interiorization of the length scheme allows mental partitioning of a length into a given number of equal-length parts or the mental estimation of length by projecting an image onto present or imagined objects.
Length of Sign
Show the child a picture of a building with a sign. Ask the child how long the sign is if the length of the building and the lengths on the two sides of the sign are known. Children at this level will use the operations of addition and subtraction to calculate the length of the sign. 
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Janka Szilágyi, Douglas H. Clements, and Julie Sarama in the first two columns of Figure 1 (Clements & Sarama, 2007b , 2007c Sarama & DiBiase, 2004) . As stated, the foundation of such LTs is a research-based developmental progression. In this study, we applied both Rasch measurement and qualitative methods to evaluate the developmental progression component of the LT created as a foundation for the research-based development of the Building Blocks early childhood mathematics curriculum (Clements & Sarama, 2004a , 2007c , 2009 Sarama & Clements, 2003 , 2009 ). There were two main research questions:
1. Do the levels of the developmental progression provide a valid description of most young children's acquisition of concepts and strategies related to length measurement? That is, is the Rasch measurement-based empirical hierarchy of the assessment items consistent with the hypothesized hierarchy? 2. What mental actions-on-objects constitute each level of thinking?
Method
Participants
A convenience sample of 121 children was recruited from three schools in two countries. We used participants from two countries to ensure the developmental progression was not bound to one culture. The three schools involved in the study included one public school in a low-socioeconomic rural area in western New York, and a preschool and an elementary school 1 in a small town in eastern-central Hungary. The U.S. participants were 18 prekindergartners, 18 kindergartners, 19 first graders, and 25 second graders; the Hungarian participants were 8 prekindergartners, 16 first graders, and 17 second graders. 2 All participants returned signed consent forms and completed all interview assessment tasks.
Assessment Tasks
Tasks were selected or designed to elicit responses reflective of children's thinking and understanding in terms of the developmental progression component of the Building Blocks learning trajectory for length (Clements & Sarama, 2007c) . Items were selected from existing literature whenever available, and additional tasks were written by the researchers to complete the assessment of each level of thinking (see the third column in Figure 1 for a detailed description of the items). Two tasks were included for each level of thinking (see Figure 1) . The initial instrument was piloted with a small number of children (not participants in the final 590 Mathematics Learned by Young Children study), and the wording and the materials used for some of the items were altered to increase the understandability and usefulness of each item (see Szilágyi, 2007) .
Because the tasks involved have a crucial role in giving meaning to the developmental progression and in shaping the hypothesis of the learning process, it is important to note that the proposed task sequence is simply one possible plausible path out of many (Clements & Sarama, 2004b) .
Procedures
Regardless of age, all children were administered all tasks. The interviewer moved on to the next task even if students did not complete a task accurately. Each assessment was delivered in one sitting.
All participants were individually interviewed by one of the researchers, and all interviews were videotaped. The task-based interviews (Goldin, 1997 (Goldin, , 2000 began with a script, but they were also enhanced with Piaget's method of clinical interviewing (Ginsburg, 1997) .
To ensure that open-ended interactions did not influence the children's responses to other tasks, clinical probes were administered only after the end of the scripted interview. Such mixed-method interviewing has been used successfully to validate developmental progressions .
The assessment period took approximately 5 weeks in the United States, and 3 weeks in Hungary. The goal was to complete the interviews close together in time to minimize potential instruction during the course of the interviewing period. All interviews in a particular classroom were done within 1 or 2 days, and all the interviews were completed during the months of May and June, shortly before the summer break started for the children in both countries.
Data Analyses
Data sources included video recordings of the interviews and the notes taken by the interviewer during the assessments. As stated, we designed each assessment item to elicit behaviors representative of a particular level of the developmental progression (see Figure 1 ). Children's problem-solving behaviors were the basis for their score for each item. A score of 1 represented the correct use of a strategy and/or complete understanding of the target concept, and a score of 0 was assigned if such a strategy or understanding was partially or completely incorrect. Only children's initial responses to each item were scored. Data resulting from subsequent clinical probes on an item were analyzed qualitatively.
To prepare qualitative data for analysis, the researcher who conducted the interviews viewed the entire video of each interview, simultaneously reading the handwritten notes taken at the time of the interviews. The results of this process were transcripts of conversations between the interviewer and the children, as well as carefully written detailed notes of the children's answers and behaviors in the context of each task. The transcripts of the Hungarian interviews were translated into English by the first author. To validate the translations, the quotations used in this article were translated back into Hungarian by a Hungarian-English bilingual colleague.
To validate the assessment instrument, we analyzed the data using Rasch measurement (e.g., Bond & Fox, 2001; Hawkins, 1987; Snyder & Sheehan, 1992; Wright & Mok, 2000) and qualitative methods. The WINSTEPS Rasch modeling computer program (Linacre, 2006) was used to analyze quantitative data. The reliability of the instrument was evaluated based on the error of item and person estimates and the reliability indices. Items were evaluated by their item difficulties and their infit and outfit values. Fit statistics between 2 and −2 indicated that the assessment items each contributed to the measurement of a single latent trait, and that the participants responded in ways that are explicable by theory (i.e., the ordered levels of the developmental progression). We analyzed whether both the tasks and the children's abilities show acceptable fit with the ideal latent trait. The developmental progression can be used meaningfully only if most respondents follow a similar pathway in their development. Persons and items with standardized fit statistics larger than 2 or smaller than −2 were examined closely for reason(s) for misfit. For each misfitting item, the strategies of children who scored differently than expected by the model 3 were examined to determine what might have caused the items' divergence from the model. Therefore, fit statistics were used as a guide for qualitative analysis to reveal possible reasons for the unacceptable fit value of specific tasks and children, and to further examine the strength of the assessment items in evaluating length measurement ability.
We evaluated and elaborated the developmental progression for length measurement using both quantitative and qualitative analyses. The Rasch model provided an equal-unit-scale representation of the degree-of-difficulty ranking for the assessment items, and a degree-of-ability ranking for the children to whom the instrument was administered, thus providing empirical evidence regarding the hierarchy of the items and each participant's placement on that hierarchy. Confidence intervals were used to detect segmentation and developmental discontinuity. Nonoverlapping confidence intervals were interpreted to suggest the possible distinctness of contiguous levels of development. Because such gaps also could have resulted from characteristics of items not related to the hypothesized concepts and processes they were designed to measure, each gap was examined in detail qualitatively to determine if the gaps resulted from veridical differences in levels of thinking. Nevertheless, it remains possible that different items could have difficulty levels within the gaps.
Qualitative analyses also were used to elaborate or alter the relevant levels. Children's behaviors were described in detail for each task, to inform the descriptions of the developmental level measured by the task, providing data to evaluate and extend the hypothesized mental actions on objects that are requisite for successful solution of the task and that cognitively define the level (for descriptions of the actions at each level, see Sarama & Clements, 2009, pp. 289-292) . Qualitative data were coded to differentiate between behaviors manifested by the children when solving specific tasks. This process involved evaluating the strategies used by the children based on detectable similarities and differences, and the patterns that were found in the children's thinking and behavior generated the codes. Coding the data in such a manner resulted in a set of categories, each representing different behaviors that reflected the children's various levels of understanding of length measurement.
Informed by the Rasch-estimated abilities of the children, the researchers looked for the emergence of different strategies based on the children's abilities and established an order in which the behaviors triggered by a particular activity seemed to emerge. The different strategies that resulted based on the children's different levels of thinking were described in detail for each task, to inform how the particular developmental level measured by the task may evolve among children with different abilities. Based on an evaluation of the leap between unsuccessful and successful strategies, this allowed the identification of the specific mental actions on objects that are representative of each developmental level. In this way, we built a model of the processes that take place in young children's minds when thinking about length measurement. Further, for each inconsistency between the quantitative results and the developmental progression, the qualitative results were consulted before any changes were made to the developmental progression. Only concurrent quantitative and qualitative results suggested we alter the order of levels or collapse levels (e.g., combining contiguous levels into a single level). The result of these analyses was a modified developmental progression for the measurement of length. Table 1 presents the Rasch statistics for each item on the modified instrument 4 and means and standard deviations for those. Four items were excluded from the original instrument based on the results of qualitative analyses (which will be described in subsequent sections) substantiated by unacceptable infit t-values: Snakes 2 (−2.5), Ruler (3.1), Make a Road (4.2), and Missing Tower (−2.9).
Results and Discussion
Psychometrics of the Assessment Instrument
Figure 2 presents the construct, or persons and items, map. The vertical axis is expressed in logits. 5 The person distribution is on the left, with the # symbol representing two children and the dot representing one. The distribution of children approximated a normal curve, with an arithmetic mean (−1.92 logits) below the arithmetic mean of the items, which is located at 0 by default. This resulted in larger estimation errors for the hardest items, with the item Long Ribbon having the largest error score of 1.11. Nevertheless, the task reliability index (0.99) suggested that the resulting order of tasks is highly replicable. The high estimation error for the children (mean = 1.14, SD = 0.24) implied that the ability estimates involve a certain amount of imprecision. However, the child reliability index (0.90) suggested that the estimated order of the children is reliable. Therefore, it was meaningful to proceed with further analyses regarding the levels of the developmental progression based on the empirical order of the tasks representing those levels. Figure 3 shows the empirical order of the interview tasks. The circle around each task represents its confidence interval. Where the confidence intervals around the tasks overlap vertically, development between the levels represented by the particular items cannot be considered distinct. The lack of segmentation may mean that the items do not accurately represent the particular level of thinking, that the difficulty of the item was affected, that the theory was flawed, or some combination of these (Wilson, 1990) . Where the confidence intervals around the tasks on Figure 3 (on p. 600) do not overlap, development between the levels represented by the particular items may be considered distinct. This, therefore, provides initial evidence for the existence of developmental levels, which was further examined using qualitative analyses. The four horizontal lines in Figure 3 indicate possible points of segmentation in the developmental progression.
The Developmental Progression for Length Measurement
The hypothesized order of the levels of the developmental progression and the tasks, and the empirical order of those based on the difficulty estimates resulting from Rasch analysis (second calibration after removing the four items) are shown in Table 2 . Table 2 also presents the levels of the modified developmental progression proposed based on the findings of this study. The levels from the developmental progression are listed alongside the tasks designed to measure each level. To the right of these are the same columns for the modified developmental progression inferred from the analyses. The difficulty estimates, expressed in logits, are included in parentheses after each task. Table 2 indicates that our analyses support the developmental progression in general; however, the orderings of some items (and therefore possibly the corresponding levels) are inconsistent with the predictions. The following sections describe these mismatches and the children's strategies, to undergird a revised developmental progression of levels and to expatiate on the mental objects and actions on them available to the children for each level of the developmental progression.
Length Quantity Recognizer
Children at the Length Quantity Recognizer level (see Figure 1 ) acknowledge length relationships between pairs of objects that are already aligned (parallel along their lengths with endpoints on a line perpendicular to the lengths), but knowledge regarding the need for such alignment in establishing length relationships is absent or unstable.
The confidence intervals provided by the Rasch model for items Two Pencils (see Figure 1 ) and Length Puzzle (see Figure 1 ) did not indicate a difficulty gap between the two items, and the empirical order of the items was the opposite of the order expected by theory. Therefore, the Rasch order did not substantiate the distinctness of the two levels-Length Quantity Recognizer and Length Direct Comparer-represented by the items (see Figure 1) . However, qualitative analysis of those items placed the items' validity into question, so the existence and sequencing of the levels was neither accepted nor rejected. Given findings that suggested two developmentally distinctive levels of thinking, length as a property in isolation and length as a comparative quantity, the two levels were tentatively left in the developmental progression, but further research is needed regarding these two levels.
Qualitative data suggested that Length Puzzle did not provide a meaningful representation of the children's actual abilities, as hypothesized. To solve Length Puzzle, when asked if the foam strip fit well in the opening (see Figure 1 for more 596 details on the task), 7 children struggled with pushing the strip into the opening. Because they were distracted by the difficulty of placing the strip in the opening, they did not take the length of the strip into consideration, but they commented on the fact that eventually the strip fit well. Therefore, this item probably misdiagnosed the ability of these 7 children, establishing an incorrect empirical order of difficulty. We suggest that the Length Quantity Recognizer level might require the development of a different kind of item to adequately measure it. The qualitative findings suggested that length as an attribute is understood by the children in two developmentally distinctive ways: length as a property of an object in isolation from other objects, and length as a quantity that allows comparisons between objects. Children initially view length as a property that objects possess due to their shape (e.g., "long," or extending along one dimension substantially more than the other two). When presented with a box with a circular base and a piece of a chenille stick that was shorter than the diameter of the box, 6 47 children said that the chenille stick was long, when it was clearly shorter than the box. Many children correctly indicated that the box was long, and some of them also remarked that "the worm is long . . . but it's shorter." The children who did not establish a length relationship between the two objects either did not understand length as an abstract comparative attribute, or they simply did not use that knowledge to compare objects. The round shape of the box might have favored the "length-as-a-shape" conceptualization.
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Children who begin to understand length as a comparative property are able to detect differences in the length of two objects when they are aligned, without necessarily appreciating the need for such alignment, and often without being able to verbally explain their thinking. When asked which one of two pencils not in alignment was longer (for more about item Two Pencils, see Figure 1 ), some children with ability estimates lower than or close to the difficulty of the task chose both of the pencils to be longer because they both looked long. Others chose one of the pencils to be longer, but without physically moving the pencils or being able to explain their choice. 7 Even when these children were prompted to show it, they insisted that they could "just see it." Therefore, these children evaluated length based on gross visual clues alone. Their concept of length was nonrelational in the sense that they had not yet developed the need to establish one-to-one correspondence between pairs of points-one from each object-that are equidistant from aligned ends of the objects to see which one of them has leftover length.
Research suggests that even young babies have the ability to (intuitively) discriminate length as a continuous extent. Seven-month-old babies are sensitive to contour length and they use that information to differentiate between small sets of objects (Clearfield & Mix, 1999; Feigenson, Carey, & Spelke, 2002) . At the age of 16 months, they use distance information in simple problem-solving situations to estimate the location of an object hidden in a sandbox (Huttenlocher, Newcombe, & Sandberg, 1994) . However, the findings of this study suggest that these early abilities to detect length are converted into explicit understanding of the attribute and then comparative understandings only over periods of years. That is, before achieving these later developmental levels, children do not use length information readily in situations involving length comparison. Even so, the fact that length information is discriminated by the children makes a variety of comparative length experiences meaningful for them. During the explicating and verbalizing process, which involves becoming explicitly aware of the mathematical concepts and processes and connecting this knowledge with language, children develop a limited understanding of the meaning of length-related words such as "long." The reason for that might be experiences emphasizing the use of the word "long" to describe straight objects. Focus on experiences involving comparison between different objects based on length might promote the emergence of an increasingly sophisticated connection between children's existing knowledge and language.
Length Direct Comparer
Children at the Length Direct Comparer level (see Figure 1 ) know that relative length decisions need to be made based on direct alignment between the objects being compared. Although this knowledge may not be readily available in every context, these children know to put two objects in direct alignment to make the difference in length visible.
Three tasks were included in the assessment instrument to detect children's skills related to this developmental level: Two Pencils, Snakes 1, and Snakes 2. Although the unacceptably low infit t-value of −2.5 for item Snakes 2 indicates that responses to this item are overdetermined in measuring the underlying construct (i.e., the task is "too good"), qualitative findings showed that some students counted the segments of the snakes to compare length, conceptualizing this task to be a number comparison task. Therefore, the item was excluded from the instrument. For the item Snakes 1, although it was intended to measure this level of thinking, both quantitative and qualitative data suggested that it assessed thinking at a level of ability further along the developmental progression. Therefore, it will be discussed in the section on the Path Measurer level.
Qualitative data suggested that at early levels, children do not believe that they need to operate physically on objects in making a comparative length decision, even though adults judge that the difference in length cannot be justified based on visual clues. Children initially are content to rely on those cues to prove a visually based decision. Only later do they believe that a direct comparison strategy is needed to make reliable decisions. When asked to solve the item Two Pencils (see Figure 1) , 82 of the 110 children who successfully solved this task chose one of the pencils to be longer without moving the pencils. Some of these children were aware of the strategy of direct alignment, and they used it upon being asked to prove their answer. However, they did not yet seem to develop a need to put two objects in alignment before making a decision about their length.
Indirect Length Comparer
Children at the Indirect Length Comparer level (see Figure 1) can compare the length of two objects by representing them with a third object. Although children can learn to use the behavioral technique of indirect comparison without an understanding of the principle of transitivity (Boulton-Lewis, 1987; Hiebert, 1981) , the present study included behaviors signifying such understanding as a criterion for thinking at this level.
The assessment instrument included three tasks related to this developmental level: Picture of Two Pencils (see Figure 1) , Two Roads, and Make a Road. However, the unacceptably high infit t value of 4.2 for the item Make a Road, informed by qualitative data, 8 resulted in its exclusion from the instrument. Regarding the item Two Roads, although it was intended to measure this level of thinking, both quantitative and qualitative data suggested that it required thinking at a level of ability further along the developmental progression. Therefore, it will be discussed under the Path Measurer level.
The confidence intervals provided by the Rasch model for the items Two Pencils and Picture of Two Pencils, represented in Figure 3 , indicated a difficulty gap between the two items. Consequently, the development between levels Length Direct Comparer and Indirect Length Comparer was considered distinct. It was concluded that children initially develop the ability to compare objects directly and only later do they acquire the skills and knowledge necessary for indirect comparison.
To solve indirect comparison situations (involving two nonmovable objects) using a third object and transitive reasoning, children need to understand that the length of one object can be represented by the length of another and how to create such a representation. The representative role of the third item (the foam strip) in measurement may become meaningful as length becomes a mental object, replacing the notion of being physically connected to the object. Qualitative data suggested that children develop through several phases as they learn to abstract length as a mental object. At first, children are not able to think of length as an abstract concept that can be mentally extracted from an object and further manipulated, either physically through representation with another object or in thought. When asked to use a foam strip to compare two unmovable lengths on the item Picture of Two Pencils (see Figure 1 ), 27 children were not able to infer a comparative length relationship between the two pencils based on how they each related to the length of the strip, even though they correctly aligned the strip with each pencil and concluded that the strip was longer than both pencils.
Later, children appear to develop an implicit, or theorem in action (Vergnaud, 1982) , 8 Seventeen of the 89 children whose abilities were lower than the difficulty of this item were able to solve this task correctly. Qualitative data suggested that these children misunderstood the question, and instead of making the pipe cleaner the same length as the zigzag road on the picture they made the pipe cleaner the same shape, which eventually resulted in correct measuring. These same children indicated that the length of the zigzag road was the distance between the two endpoints, not the length of the path. understanding of transitivity. Children with ability estimates close to the difficulty estimate of the item Picture of Two Pencils were able to use the strip well to compare the length of the two pencils. However, they were not able to explain their strategy. Data suggest that these children did not lack the logical operation involved in transitivity, but rather they lacked the mental model for length as an abstraction on which to mentally carry out operations involving comparison and transitivity. One child, for example, traced both pencils with his finger as he laid the strip along them, and he correctly concluded which of the two pencils was longer. This may have indicated that he was not ready to consider the strip as a representation of the length of the pencil, and the movement of his finger helped him to make the process physically concrete. The length of an object did not seem to be meaningful to this child without a physical (and in this child's case, possibly motion-based) representation.
Qualitative data suggested that children misused the third object, the foam strip, in many ways on the item Picture of Two Pencils. For example, they would cover each pencil with the third object without ascertaining where the endpoints of the pencils aligned with it. Some would therefore incorrectly conclude that the pencils were the same length, because both could be covered completely by the paper. Although these children showed some signs of transitive reasoning, they did not manage the materials in this task, perhaps indicating an unstable or incomplete understanding of establishing length representations. These children appeared to need a more robust abstraction of length as a mental object, along with competence in establishing accurate length representations and in transitive reasoning, to achieve generalizably accurate and meaningful indirect comparison strategies. The ability to mentally abstract length may not constitute conservation in the full Piagetian sense, but a nonverbal conservation, similar to Vergnaud's (1982) theorem in action. Although they may not be explicitly aware of the conservation concept, these children operate with the implicit assumption that the length of an object is maintained when it is moved. Similarly, these children demonstrate behaviors consistent with transitive thinking. However, their knowledge of transitivity may not be conscious, given that they cannot correctly explain their transitive reasoning. This is in accordance with Boulton-Lewis' (1987) differentiation between ability to use and to explain transitive thinking.
These results therefore lead us to alter the definition and description of the Indirect Length Comparer level. We define it as initial, implicit competence in the use of a third object to compare the length of two other objects, with considerable development in length representation and explicit transitive reasoning occurring in conjunction with the development of subsequent levels of thinking.
For children at this redefined Indirect Length Comparer level, a number assigned to the length of an object as a representative makes sense. However, unlike children at the Length Unit Relater and Repeater level, they cannot operate on that number. When asked to measure, a child may assign a length by guessing or moving along a length while counting (without equal length units). The child may also move a finger along a line segment, saying "10, 20, 30, 31, 32." These "trace-and-count" and "point-and-count" strategies help the children maintain the physical connection between the length of the object and the number that expresses it. It is noteworthy that children in this study appeared to need physical objects to assign numbers (not to use indirect length comparisons, which may have components of mental imagery, as stated previously) even if inaccurately, reflecting the "sensory-concrete" level of thinking that requires the use of-or at least direct reference to-sensory material to make sense of a concept or procedure ).
Serial Orderer to 6+
The Serial Orderer to 6+ level of thinking (see Figure 1) requires that children understand the complete order of objects as one mental object, for which every object in the series is longer than each of the preceding ones (Piaget & Inhelder, 1967) . This understanding seems to rely on the successive application of transitivity.
Two tasks were included in the assessment instrument to detect children's skills related to this developmental level: Order Towers (see Figure 1) and Missing Tower. However, the unacceptably low infit t-value of −2.9 for the item Missing Tower, informed by qualitative analysis, 9 resulted in its exclusion from the instrument.
The development between the levels Indirect Length Comparer and Serial Orderer to 6+ was considered distinct based on the confidence intervals provided by the Rasch model for the items Picture of Two Pencils and Order Towers, represented in Figure 3 . It was concluded that children develop the indirect comparison strategy before they can order six or more objects based on their length. Although six children were able to seriate six objects before they could compare two objects indirectly, that might have been a result of specialized experience (or measurement error). The findings of Johnson's (1974) study suggest that children can be trained to seriate six sticks based on length before they are able to make transitive inferences about the length of those sticks. Our findings suggest that transitive thinking may be required for meaningfully seriating objects based on length, at least with explicit understanding of the process. That is, the difference in these findings may have been a result of the fact that in the current study emphasis was placed on children's understanding of their actions.
Qualitative data from this study suggest that, at first, children's ability is limited to establishing one or two length relations at a time. When asked to put six premade connecting cube towers in order from shortest to longest (i.e., Order Towers; see Figure 1 ), many children were observed to make ordered groups of two or three towers. When asked to put all the towers in order, they were not able to coordinate the groups to establish an overall order. The ability to see two neighboring relations of length at a time allows only for putting three objects in order.
Children who were able to correctly place the six towers in order saw the series as a whole and meaningfully coordinated more than two length relations, using different strategies. Some children carefully compared each tower pairwise to find the shortest tower, and they repeated that strategy until they found the next tower in line. Others used the number clue embedded in the towers, and counted the number of cubes in each to decide the order.
End-to-end Length Measurer
At the End-to-end Length Measurer level (see Figure 1 ), children's ability to form a mental image of length as distance covered (or "scanned") constrains their placement of units to eliminate gaps, thus making the covering continuous. This implies that they have represented and maintained the length of the object, although they have not necessarily applied the same mental operations to the parts or units imposed on that length. This intuitive understanding of the additivity of length, reflected by children's ability to count the number of units into which a length is subdivided, does not necessarily allow for taking the size of those units into consideration.
The two items designed to measure this level of thinking were Blue Strips (see Figure 1 ) and Ladybugs (see Footnote 14 on p. 607). Although the Rasch model did not indicate segmentation between these two items, the confidence intervals for the items Order Towers and Blue Strips indicated an overlap between the two items (see Figure 3) . Therefore, the Rasch model did not indicate the distinctness of the levels Serial Orderer to 6+ and End-to-end Length Measurer. Although it may be that items Order Towers and Blue Strips represent the same level of development, it may also be that the two abilities represented by the two tasks develop parallel to each other instead of consecutively, hence the overlap between the confidence intervals (thus, future studies may need to use more complex models than the Rasch model). Similarly, one or more of the items may not accurately represent the abilities related to the levels, or their difficulty may have been influenced (Wilson, 1990) . For instance, it is possible that the item Blue Strips' complex nature may make it a less accurate assessment of the End-to-end Length Measurer level of thinking. When asked which one of the three blue strips was the same length as four of the yellow unit strips (see Figure 1 for Blue Strips), one child, after putting two yellow strips along the 2-in. blue strip, agreed that it was about the same length as 4 yellow strips. However, when at the end of the interview the researcher put two yellow strips along the 2-in. blue strip and asked her how long it was, she was able to conclude that it was 2 yellow strips long. When the researcher asked if it was 4 yellow strips long, she disagreed, and she put 4 yellow strips along the 4-in. blue strip, claiming that was the one that was 4 yellow strips long.
Based on our findings, we did not find sufficient evidence to modify the progression. Therefore we propose that the two levels of development, Serial Orderer to 6+ and End-to-end Length Measurer, exist, but we must leave it to future research to ascertain the nature and relationship of these levels. We also suggest that additional tasks be designed to provide more data regarding the development of measurement using multiple copies of a unit.
Length Unit Relater and Repeater
This level of thinking involves the development of three different subdomains of knowledge: the additivity of length, the relationship between unit size and number, and unit iteration. Contrary to our initial hypothesis, Rasch analysis suggested that the items Add Strips (see Footnote 12 on p. 605), Different Units (see Footnote 13 on p. 605), Different Feet (see Figure 1) , and Spaghetti (see Figure  1) represented a single level of thinking. Therefore, two hypothesized levels, Length Unit Repeater and Length Unit Relater, were combined into one level: Length Unit Relater and Repeater. Although this study supported the parallel development of the three abilities representative of this level of thinking, further, deeper analyses are needed to explore the true nature and pattern of development regarding three posited sublevels: 10 Additive Length Composer, Length Unit Relater, and Length Unit Iterater.
Additive Length Composer.
Children who possess this competence can express the length of an object by a number, and they can operate on that number. Therefore, they are able to carry out a simple addition of two measures to obtain the measure of their combined length. These children may see the need for equal and universal units, although they may not be able to apply their knowledge in all situations.
Item Add Strips is representative of the newly proposed sublevel Additive Length Composer. The confidence intervals provided by the Rasch model for the items Ladybugs and Add Strips indicate segmentation between the two items. Based on this finding, we concluded that children learn to add up the number of units used in an end-to-end fashion to measure length before they take into consideration the length of the units being combined. That, however, does not imply that they also understand the inverse unit-size/number-of-units relationship.
Based on qualitative data, children at first develop an intuitive sense of additivity. For the item Add Strips, 11 to determine the length of the combined strip, some children who were able to use multiple copies of a unit to measure the length of an object (so they demonstrated understanding of additivity in a context that involves unit parts) used a "point-and-count" or a "trace-and-count" strategy. These children knew that length can be expressed by counting parts, but they were not able to extend that understanding to a complex situation that involved unequal parts. Children's understanding of the additivity of length becomes more sophisticated when they add the measure of the two parts to compose the measure of the connected strip. These children, however, were not able to subdivide a length according to the number of units expressed by the measure. Therefore, for them, the additivity of length was not reversible.
Length Unit Relater. At this sublevel, children's conceptions of length units are conserved (Piaget et al., 1960) both in recognizing that the use of different-size units yields different measures, and in the ability and preference to maintain the length, or extent, or mental images of units. Thus, length conservation is generalized to the whole and the parts, although this may be only intuitive, and may be constrained to situations in a single dimension. Children no longer need the physical connection between the object and its length ensured by the "point-andcount" strategy, therefore working toward "integrated-concrete" knowledge (interconnected structures that are "concrete" at a higher level because they are connected to other knowledge, both physical knowledge that has been abstracted and thus distanced from concrete objects and abstract knowledge of a variety of types; see .
The items Different Units and Different Feet were designed to measure a child's ability to acknowledge and explain the result of measuring an object with two different-sized units. The confidence intervals provided by the Rasch model for items Add Strips and Different Units were overlapping. Therefore, it was proposed that the two abilities represented by the two items, the understanding of the additivity of length and the recognition of the unit-size/number-of-units relationship, develop parallel to each other. Some children learn to compose lengths before they relate unit length to unit size, whereas other children comprehend the impact of unit size on the number of units needed first. For both abilities, however, the child has to work at least at the End-to-end Length Measurer level, which may be a prerequisite for these two abilities. It is proposed that the existence of both these sublevels is the result of the children's ability to conserve length. These two abilities later pave the way to the development of a need for using a standard unit when measuring, and the recognition that comparison to that standard unit lies at the heart of measurement.
Understanding of the unit-size/number-of-units relationship appears to rely on an ability to coordinate multiple pairwise relationships. When asked to predict if fewer, the same number, or more of one unit than another would be needed to measure a long strip to solve the item Different Units, 12 many children made a decision based on the relationship between only two strips; they failed to take into consideration the relationship between all three strips.
Qualitative data revealed that children are aware of the fact that different units result in different measurements before they are able to generalize the correct relationship between the size of a unit and the number of the units needed to measure (limited here to an understanding that it is inverse in direction, not that it is a specific multiplicative inverse). When asked why two friends might have gotten different results when they measured the same rug to solve item Different Feet (see Figure 1) , 82 children were able to point out that their feet were different sizes, but 47 of them said that measuring with longer feet resulted in a larger number. Although these children were not able to predict correctly that longer feet would result in a smaller count, some of them were able to provide a correct answer to the item Different Units. The reason for that may have been that modeling a problem situation is easier than mentally representing or generalizing it. One child said, "It would be more blue strips . . . let me try!" He then used iteration to correctly measure the green strip with the blue and the yellow, and he explained, "The yellow is more 'cause the blue is longer . . . the blue is big so the blue will take more room and the yellow will take less room."
The ability to recognize and generalize the idea that unit size has an impact on the number of units needed does not automatically lead to the applicability of the idea. Qualitative analysis for item Ladybugs 13 revealed that when comparing the 12 For this task, children were told that the measure of a green strip was 14 yellow strips long. They were shown a blue strip that was double the size of the yellow strip, and they were asked to infer whether the same number, fewer, or more blue strips would be needed to measure the green strip. They were allowed to manipulate the stips. 13 For that task, children were provided with a sheet of paper that had two straight chenille sticks (9 and 10 inches long) glued on it; the sticks were neither aligned nor parallel. Children were then asked to determine which chenille stick ("worm") was shorter using multiple copies of 1.5-inch and 1-inch discrete units. length of two objects, some children with demonstrated knowledge of the unit-size/ number-of-units relationship mixed units between objects, but not within objects. Other research similarly showed that children with demonstrated understanding of the unit-size/number-of-units relationship are not able to apply their knowledge when comparing the length of two objects (Carpenter & Lewis, 1976) .
According to the current study, none of the children who mixed units within objects were aware of the unit-size/number-of-units relationship. Based on this, it can be concluded that comprehension of the effect of using different-size units is needed for true understanding of the need for equal units when measuring. Children may know to put purely equal units along an object when measuring its length. However, they understand the need for equal units only when they understand the impact of using different-size units. This is in accordance with Petitto's (1990) findings regarding the development of the need for equal-length units, which she reported to be based on the development of conservation of length. According to Hiebert (1981) , the inverse relationship between the size of a unit and the number of units needed also depends on the ability to conserve. Similarly, the need for universal units also may develop as a result of a clear insight into the unit-size/ number-of-units relation, and learning to apply knowledge of that relationship in various contexts.
Length Unit Repeater. Children at this sublevel are able to iterate a single copy of a unit along an object to measure its length. They are able to physically (marking the end of the unit every time it is moved) and/or mentally subdivide an object, to conceptualize it as made up of multiple copies of the unit. They count the number of units that can fit along the length of an object and assign that number to express the length of the object. At this level of thinking, children start laying the ground for developing the Conceptual Ruler Measurer level of thinking.
Two items were originally designed to measure this level of development: Spaghetti and Ruler. The item Ruler was eliminated from the assessment instrument because of its unacceptably high infit t-value of 3.1. Because the confidence intervals provided by the Rasch model for the items Different Feet and Spaghetti were overlapping, segmentation between the two items was not indicated. However, quantitative and qualitative data suggested that most children develop at least some understanding of the unit-size/number-of-units relationship before they are able to iterate a unit. Only 2 children were able to iterate without being able to solve either of the items Different Feet or Different Units. All the other children who were able to iterate were able to solve one or both problems that measure the sublevel Length Unit Relater. Moreover, 12 children who were not able to iterate solved the items Different Feet and Different Units. Therefore, it was concluded that at least some insight regarding the unit-size/number-of-units relation can develop before unit iteration does. In addition, that understanding seems to be contextually generalizable before a demonstrated ability to iterate, as shown by the results for the two different contexts used in this study. A clear understanding of the unit-size/number-of-units relationship may actually foster the development of unit iteration through promoting the understanding of the requirement of equal units.
According to Hiebert (1981) , children can learn to use the technique of iteration correctly without understanding the Piagetian logical operations of conservation and subdivision embedded in iteration-related tasks. However, this study shows that when learned in a rote manner, the context or the relative size of the unit may have an influence on children's use of the unit-iteration strategy. When the children's answers on the items Spaghetti and Long Ribbon 14 were compared, it was found that some children did not demonstrate any knowledge regarding unit iteration for the item Spaghetti, but they iterated a longer unit, a ruler, perfectly well for the item Long Ribbon. That the ruler was more conducive to unit iteration than regular objects may be due to children's preference for using the ruler in measurement (Boulton-Lewis et al., 1996) . Some children's use of the unit iteration strategy suggests that a true understanding of unit iteration relies on coordinating the strategy with the understanding of the need for equal units and the understanding of additive length composition. Two patterns of strategies were relevant. One strategy, used by 17 children, involved iterating by marking the endpoint of the unit with a finger, but without considering the width of the finger. These children focused on the need for equal units, but they failed to take all the parts into consideration. The second strategy involved "eye-iteration" to correctly measure the length of the spaghetti. These 5 children all iterated well, but without physically marking the endpoints of the unit. They all explained that they "remembered with their eyes" where the unit ended. Three children used their fingers to mark off imaginary units that they counted to get the measure. These children saw the whole as the sum of its parts. However, they did not have a reliable method to ensure that the subdivisions were equal. Some of these children might not have known (or might not have been able to apply the idea) that measurement involves exact comparison to the unit.
Path Measurer
This level of development is related to children's ability to compose and decompose lengths. Children at this level of thinking understand the mutual relationship between lengths and parts of lengths. Their concept of the additivity of length is reversible; they understand that the whole length is (or can be) divided or decomposed into sections, and that when the lengths of the sections are added, the whole is composed. Their understanding of the conservation of length with respect to parts put together to form a whole is not only conscious (they are able to verbalize that knowledge), but they also use that knowledge in comparative length decisions. All these skills gradually become complete, generalizable, and interrelated.
Although the Rasch model established a clear order of the items Two Roads (see Footnote 16 on page 608), Length of Sign (see Figure 1) , Broken Ruler, Snakes 1, 15 and Long Ribbon (see Footnote 14 on p. 607), it did not verify that uniquely different levels of thinking differentiated any of these items. However, due to the fact that none of the children solved Long Ribbon before Snakes 1, supplemented by qualitative data regarding behaviors reflecting children's mental actions on objects when solving these problems, we suggested that the item Long Ribbon was representative of a sublevel of thinking that is qualitatively different from the sublevel represented by the other items related to the Path Measurer level. The difficulty gap between the items Spaghetti and Two Roads was the greatest along the whole developmental progression. Therefore, children in this study developed the ability to iterate before they demonstrated abilities related to the Path Measurer level. However, because the lack of participants with abilities at the higher end of the difficulty-ability continuum resulted in unusually large confidence intervals, thus increasing the chance of overlaps, further research is needed to explore the nature and relationship of the abilities represented by the Path Measurer level of thinking and its two sublevels. Path Measurer. Children are able to verbalize their understanding of the conservation of length with respect to parts put together to form a whole. For example for the item Two Roads 16 they knew that the zigzag road can be longer than the straight road, even if the distance between its endpoints was shorter. They were able to use a third object, a chenille stick, to correctly represent the length of the zigzag road, and they showed that it was longer than the straight road by straightening it out and directly comparing it to the straight road. These children clearly understood that the length of the zigzag road is not the distance between its endpoints, but the sum of the lengths of its parts. They were able to mentally abstract the length of a path, through mentally straightening it out, maintaining (at least an approximation of) its length. Therefore, the mental representation of length that these children possessed appears to be flexible, involving the whole as the sum of its subdivisions, versus length as a rigid distance. Their understanding of the conservation of length seemed to apply not only to length as an indivisible but additive whole (that kind of conservation was needed for the Length Unit Relater and Repeater level, along with a true understanding of the technique of indirect length comparison) but also to length as an entity subdivided into parts. These children were aware that length does not change as a result of rearranging the position of parts.
Some children at lower levels of thinking were constrained by the component of movement along the paths. Many children realized that the length of the zigzag road was longer, even though it "didn't stretch as far as the straight road." Many of the children actually walked the cow down both paths to prove the straight road was shorter, because it was "quicker." When the ingredient of movement was no longer involved, these children's intuition regarding length was undermined.
Most children's concept of the additivity of length was reversible at this sublevel of thinking. They understood that the whole length is divided or decomposed into sections and that the sections are added up to compose the whole. When asked how wide a sign is if the length of the building and the lengths on the two sides of the sign are known, to solve item Length of Sign (see Figure 1) , these children were able to calculate the length of the sign based on the numerical information that was provided, using a combination of the operations addition and subtraction. We propose that their extended understanding of the conservation of length and the concomitant logical operations allowed them to reverse the operation of additivity.
Many children at this sublevel of thinking can measure length accurately with a ruler, understanding the process and the properties on which it is based. They see the ruler as composed of equal-sized units, understanding that the numbers on the ruler represent the number of those units. Therefore, they also comprehend the importance and meaning of the zero point on the ruler. Children at this level of thinking used two correct strategies for the item Broken Ruler (see Figure 1) . Some of these children counted how many units on the ruler covered the full length of the strip, whereas others checked the number on the ruler at both ends of the strip, and they simply subtracted the smaller number from the larger one. The item Broken Ruler involves units common to both the object being measured and the object used to measure. Children who solved the item Broken Ruler were able to see the blue strip as made up of the same units as the ruler.
A transitional strategy used by some children for the item Broken Ruler provided insight into the mental objects and actions available to children at this level of thinking. These children put the ruler to the strip so, instead of their ends aligned, the ruler was shifted to the right. They explained that they imagined the 0 and the 1, the 0 being at the end of the strip and the 1 between the imagined 0 and the visible number 2 on the ruler. Because the imaginary units were not the same size as the units represented on the ruler, this strategy did not result in a correct response. These children's use of the ruler was still under development in the sense that they did not picture the ruler as an object composed of equal units, but their focus was on accounting for all the numbers on the ruler. Length Measurer. Although the large overlapping confidence intervals (see Figure 3) did not indicate the existence of a distinct level of thinking, the nature of mental objects and actions on them available to the children substantiated the separate discussion of this sublevel of thought. Qualitative findings indicated that all the skills that were built at the Path Measurer sublevel become complete, generalizable, and interrelated at the Length Measurer sublevel.
Children's mental representations of length at this sublevel become flexible and integrated, especially with respect to the part-whole relationship. Their mental representations of length not only include lengths composed of units and units of units, but also relationships between those entities. Therefore, these children are able to relate these representations and flexibly move among them based on the needs of measurement. For example, they understand that the measure of an object of length 3 meters is also 300 centimeters, but also 2 meters and 100 centimeters, and so forth. When asked to measure the length of a 43-inch ribbon using a 1-foot ruler, to solve the item Long Ribbon, these children were able to express length as a combination of units and parts of those units; for example, 3 feet and 7 inches.
Before attaining the Length Measurer sublevel of thinking, children may understand the relationship between small units and larger units composed of them, but their understanding is not yet flexible. Research shows that even first graders can use the technique of iterating units of units with understanding (McClain et al., 1999; Stephan et al., 2001) . Although those children may be able to iterate units composed of smaller units, and therefore consider a group of units as a new unit, they cannot move between the representations flexibly.
Conceptual Ruler Measurer
Qualitative analyses revealed that the two items that were designed to measure children's abilities related to this level, Add Strips and Length of Sign (see Figure  1) , measured competencies lower in the developmental progression than the ones thought to be needed for this level. Because none of the tasks included in the assessment instrument proved to be useful for measuring this level of thinking, new items need to be developed that are targeted at this level. We can therefore say nothing about the existence or usefulness of this level from our results. Figure 4 provides descriptions of the modifications to the levels of the original learning trajectory's developmental progression and to the mental actions on objects that define each level. The tasks that corresponded to each level are also listed. These descriptions are addendums to those in Figure 1 , not replacements.
Summary: Modifications to the Original Learning Trajectory
Implications
The findings of this study suggest that children with a wide array of abilities and from two different countries follow a similar progression in their development of concepts and strategies related to length measurement, at least within the limits of the model and assessment items used here. Although there was some variation in the actual progressions followed by the children and our sample was a convenience sample, knowledge of a shared progression can be a useful tool in the hands of teachers, curriculum developers, teacher educators, and policy makers. For example, they may help synchronize the production of standards, textbooks, and assessments for length measurement in the early years.
We emphasize that the developmental progression and the related tasks described in this study represent one possible route based on patterns of development shared by the majority of the participants. Due to the nature of learning trajectories, there is a possible factor of task effect, which has to do with the transferability of 611 Janka Szilágyi, Douglas H. Clements, and Julie Sarama 
Levels of the developmental progression
Actions on objects Tasks
Length Quantity Recognizer Initially identifies the longer object when the objects are in alignment, but does not know to align objects to determine which is longer. May indicate that a straight object (e.g., chenille stick) is longer than a round object, even when the round object is actually longer.
Initial schemes relate length vocabulary terms to the aspect ratio of the shape of objects, such that, for example, "long" is applied to objects that have a large aspect ratio. This tendency can coexist, and initially override, nascent length comparison operators. As the action schemes (described in Figure 1 ) develop, they take precedence over these initial schemes.
Length Puzzle Length Direct Comparer
Initially may not physically move two objects in alignment to determine which one of them is longer, but does so to provide evidence. "If you turn it (─) that way (│) it'll be longer."
May not be able to infer a comparative length relationship between the pictures of two objects based on how they each relate to the length of a third. May be able to iterate using a longer unit, such as a ruler, before using a smaller, inch-long unit in that fashion. Initially may not be able to apply the idea that unit size has an impact on the number of units needed. Therefore, may incorrectly conclude in comparative situations that the length of an object is greater than that of another simply based on the number of units used, not taking into consideration the size of those units (smaller units used end to end along a shorter object may therefore result in the shorter object being longer).
Action schemes include the ability to iterate a mental unit along a perceptually available object. The image of each placement can be maintained while the physical unit is moved to the next iterative position (initially with weaker constraints on this placement). With the support of a perceptual context, scheme can predict that fewer larger units will be required to measure an object's length. These action schemes allow the application of counting-all addition schemes to be applied to measures.
Add Strips Different Units Different Feet Spaghetti
Figure 4 An anticipatory scheme conceptually predicts that the object to be measured can be partitioned into equallength segments, constraining the objects used to measure the object to be units in the mathematical sense.
Lengths and paths composed of connected lengths can be flexibly composed and decomposed, maintaining (conserving) the total length. This scheme is available for conscious reflection, allowing it to be applied to comparisons of lengths. Previously developed schemes are interrelated and integrated, allowing them to be applied to a wider range of situations (e.g., when movement along an object or path is not involved).
Two Roads Length of Sign Broken Ruler Snakes 1 Long Ribbon
Figure 4 (continued) knowledge to other conceptually related tasks (Baroody, Cibulskis, Lai, & Li, 2004) . The tasks involved have a crucial role in giving meaning to the developmental progression and in shaping the hypothesis of the learning process. Therefore, it is important to emphasize that the task sequence is neither the only nor the best route; it is simply one possible plausible path out of many (Clements & Sarama, 2004b) . Thus, because the researchers designed the assessment instrument used in this study, the findings are likely to reflect their interpretation of the developmental progression. Different tasks might have resulted in different findings-especially because many factors contribute to the tasks' difficulty. Thus, segmentation into levels can only be tentative, and absolute segmentation is not required by our theoretical framework ) but rather is another indication of distinct levels. Children's ways of knowing are known to be variable. Task-based differences in performance and inconsistencies may be due to the contextual nature of knowledge (Vygotsky, 1978) , or due to a lag between the first use of a correct strategy and its consistent use. According to Siegler's Adaptive Strategy Choice model (Siegler, 1995 (Siegler, , 1996 , the acquisition of a new correct strategy involves the process of learning to use a new strategy while learning to stop using earlier ones. We used the standard psychometric method of having at least two items for every level we wished to assess. We also checked the validity of the test items/levels of thinking connections with qualitative analyses. Nevertheless, the potential circularity of these relationships is another caveat. This is an initial validation; the combination of quantitative and qualitative methods restricted the number of items and the number of students involved. Future research building on this research could increase both. In summary, this study is an initial one, which must be replicated and extended to test more rigorously the (revised) learning trajectory.
Despite these caveats, the findings contribute to the knowledge base on length measurement by providing additional information concerning the different strategies children use to measure length, and how those strategies change as children get older. A valid developmental progression "provides a practical way of initially planning and organizing instruction" (Baroody et al., 2004, p. 248) whether or not all children progress along the predicted progression.
As documented in this study, development occurred consistent with Newcombe and Huttenlocher's (2000) descriptions, that is, involving the coordination of perceptual and conceptual judgments and the ability to verbally express knowledge. This is less consistent with Piaget's theory, which views development as a stepwise advancement through qualitatively distinct stages represented by the emergence of certain general reasoning abilities. Although children may not be able to verbalize and explain their use of the logical operations involved in a strategy, they can have an intuitive knowledge of them. Experience with appropriate activities can help the children stabilize and verbalize such knowledge. The findings regarding the contextual nature of children's knowledge is also in support of this view of development. The application of knowledge in a contextually complex problem-solving situation is harder in general than in a contextually simple, concrete situation (Bryant & Kopytynska, 1976; Carpenter & Lewis, 1976; Miller, 1989) .
The main implication of the study for the teaching of measurement is that the teacher, starting from the child's level of development, should make available ample opportunities for the application and coordination of ideas and concepts. Well-targeted experiences help children achieve "integrated-concrete" knowledge, so "physical objects, actions performed on them, and abstractions are all interrelated in a strong mental structure" (Clements, 1999a, p. 48) . Understanding the developmental progression described here should help teachers create or appropriate research-based learning trajectories that underlie and support effective instructional strategies such as formative assessment National Mathematics Advisory Panel, 2008; ).
Further research is needed to continue the study of the developmental progression for length measurement. The partial credit Rasch model (Bond & Fox, 2001; Masters, 1982) or other alternatives might be used on new data. Such models could be useful in finding quantitative support for the development of strategies found in this research based on qualitative analyses that involved examining the performance of children with similar abilities for every task. The two extremities of the logit scale need to be examined in more detail. Considerations for sample selection include a better targeted sample with more students at the high-ability levels, and additional items of greater difficulty to better estimate the ability of children at the top end of the progression. More tasks for each level of the developmental progression could be added to make the error of child ability estimates smaller and to provide more detail regarding the evolvement of the strategies. That also would make the assessment more reliable and accurate in estimating children's abilities based on their performance on the assessment and, therefore, in determining the children's developmental levels. Finally, case studies of children representative of each level of the developmental progression, as well as of children in transition between two levels, would help to explore and elaborate the nature of development and the levels of the learning trajectory for length measurement. Teaching experiments should be done to explore how children move from one level of the developmental progression to the next.
